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Digraphs Admitting Sharply Edge-transitive Automorphism Groups 
PETER J. CAMERON 
Digraphs having the property of the title were considered by Babai, Cameron, Deza and Sighi in 
1981. This paper improves several of their results. Complete multipartite graphs are especially 
interesting; I give new constructions and nonexistence theorems for these. I also give new results on 
the maximum valency of arbitrary digraphs with this property. 
I . INTRODUCTION 
A transitive permutation group G on a set X is called a sharply edge-transitive group (or 
SETG) if there is a digraph R on the vertex set X such that G ~ Aut(X, R) and G acts 
sharply transitively (regularly) on directed edges of R; that is, a unique element of G carries 
any edge to any other. Such groups were studied in (1), where the authors posed the 
problem of determining the function den), the maximum degree of a digraph of n vertices 
admitting a SETG. The problem was intended to challenge group theorists, but the 
challenge was largely ignored. The purpose of this paper is to record some recent results 
which, though well short of a complete solution, go significantly further than those of (I); 
and, at the same time, to renew the challenge and keep the problem alive. For the 
combinatorial background of this problem, see (1). 
Of central importance are the complete multipartite digraphs k~; the vertex set is par-
titioned into I blocks of size m, and any two vertices in different blocks are joined (in both 
directions). Often, the value den) of the degree is realised by a complete multipartite digraph; 
and, in any case, a vertex- and edge-transitive digraph with n vertices which has degree 
greater than n - n'/2 is necessarily complete multipartite (see [1]). 
This paper mainly concerns the general problem posed in [I]: for which pairs (I, m) does 
/(m admit a SETG? After some new constructions in Section 2, I give some nonexistence 
results for fixed m in Section 3, for fixed I in section 4, and for small values of I and m in 
Section 5. However, the complete solution still eludes me: The final section derives some 
new values of den). 
If G is a SETG on k~" then G induces a 2-transitive permutation group G on the set of 
blocks. As suggested in [I], it is helpful to have available the list of 2-transitive groups [2], 
[6], [7]; some of the results here depend on this classification. 
2. SOME EXAMPLES 
Proposition 13 of [l] gives a number of examples of SETGs acting on k~ for various /, 
m. In this section I describe some examples found subsequently. Most of these are obtained 
by a technique known as 'blowing up', a modification of one used for permutation 
geometries [3]. 
Let G be a SETG on k~, and A a G-module (an abelian group on which G acts) . Suppose 
that A has subgroups B = B" .. . , B" permuted among themselves by G in the same way 
as the blocks of the graph, such that A = B; EEl Bj whenever i #- j. Let K be the stabiliser 
of the first block (in G), H the stabiliser of a point in the first block. Then the semidirect 
product AG, acting on the co sets of BH, is a SETG on k~'h' where b = IBI. (We have 
IAGI = l(l - 1)m2b2, BH = (/ - l)mb; and, if g rt AK, then BH (\ (BHY ~ B (since 
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H n JP = I), so BH n (BHY = B n f3K = I.) We call AG a blow-up of G using A. Note 
that examples (i), (ii), (iii) and (iv) of [1] Proposition 13 are blow-ups. 
If A and A' are modules yielding blow-ups of G, then so is A EB A' (with distinguished 
subgroups Bi EB B;, i = 1, ... , I). So the set 
X = {bl there is a blow-up of G using a group of order b2 } 
is multiplicatively closed, and we may restrict attention to prime powers. We further assume 
that A is a vector space over a prime field GF(p). (It can be shown that no members of X 
are lost in this way.) 
EXAMPLE I. (Blowing up A4)' Let B be a d-dimensional vector space over GF(p), and 
let t/J, a, f3 be linear transformations of B. Set s = (~ J), t = ( : ~), acting on B EB B. By 
routine calculation one checks that, if t/J = a - I f3 - 1 and satisfy the relations 
a3 = - 1, f33 = (af3)3 = 1, a2 f3 + f32 rx = f3ap a2, 
then sand t satisfy S2 = ( 3 = (st)3 = 1, whence s and I generate A4; and, using the four 
images of the first direct summand B, we obtain a blow-up of A4 • It can further be checked 
that these relations are satisfied in the following cases: 
Tn characteristic 2: a = (0101)' f3 (°1 11) 
or 
In characteristic 3: (-1 -1), o -1 a = 
Over a field containing a primitive cube root w of unity: 
a = ( -l
w2 
_Ow) , f3 = (~ ~) 
(this gives a representation of dimension 2 over GF(p) if p == 1 (mod 3), or 4 if p == 2 
(mod 3).) Over any field: 
0 1 
° 
-I 0 0 -1 -1 -1 -1 0 
0 0 0 0 0 0 0 0 -1 0 0 
-1 0 0 -1 0 0 0 0 -1 -I 
a f3 
° 
-1 -1 0 -1 0 
° 
0 -1 0 
0 -1 0 
° 
0 0 0 
° 
0 
° 
0 
° 
0 0 0 0 -I 0 
° ° 
0 
Hence we obtain: 
PROPOSITION 2.1. There is an SETG on k~ whenever m = 2" c2 where a "# 1, c is odd, and 
primes congruent to 2 (mod 3) do not divide c to the first power only. 
EXAMPLE 2. (Blowing up GL(2, 3)). Suppose that p is a prime greater than 3. Then the 
absolutely irreducible representations of GL(2, 3) in characteristic p are the same as those 
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in characteristic zero. There are just three in which the central involution acts non-trivially: 
a rational representation of degree 4, and two representations of degree 2 whose character 
takes the value ± H on elements of order 8 (these can be written over GF(p) if and only 
if p == I or 3 (mod 8)). The restrictions to H = S3 of the 2-dimensional representations 
remain irreducible, but the 4-dimensional representation decomposes into the sum of a 
2-dimensional and two I-dimensional representations. It is easily check that, if A affords 
the 4-dimensional representation, B the sum of the two I-dimensional representations of H, 
then B (\ Bg = 0 for all g ¢ K = NG(H), and we obtain a blow-up with b = p2. Further-
more, suppose that p == I or 3 (mod 8). Let V; and V; be irreducible G-modules of 
dimensions 4 and 2, respectively, and set A = VI EB V;. Let V; = VI EB V 2 EB V3 as 
H-module, where dim VI = 2. Let W be a diagonal of VI EB V; (relative to a H-isomorphism 
between these modules), and B = WEB V2 • Calculation shows that again B (\ Bg = 0 for 
all g ¢ K, save possibly when p = 17; in this case, one of the two choices for V2 works while 
the other does not. So we obtain a blow-up with b = /. 
Finally, the natural 2-dimensional module for GL(2, 3) over GF(3) affords a blow-up, 
using the four I-dimensional subspaces. Hence: 
PROPOSITION 2.2. There is an SETG on k~ whenever m = 2.3" c, where c is coprime to 6, 
no prime divides c to the first power, and primes congruent to 5 or 7 (mod 8) divide c to an 
even power. 
EXAMPLE 3. The last part of this argument generalises. The natural module always 
affords a blow-up of GL(2, q); so there is a SETG on k'/q~ll)qa for any a ? O. 
EXAMPLE 4. Finally, k!6 admits a SETG, the stabiliser of a point in prU(3, 4) (the 
basis-transitive automorphism group of the classical unital over GF(4), see Kantor [8]). 
3. SETGs ON k~ FOR FIXED m 
It was shown in (1) that, if ICm admits a SETG, then I is bounded by a function of m. The 
bounds given there were a polynomial of degree 6 for m even, and mm for m odd. Here, I 
propose that, for many values of m, using the list of 2-transitive groups, a complete or 
near-complete determination is possible. In particular, I settle the case where m is prime, 
completing Theorem 18 of [1]. 
I begin with a general result. 
PROPOSITION 3.1. Let G be a SETG on k~. Let G be the permutation group induced on 
the set of blocks by G, and R the kernel of the action ofG on blocks (the subgroup fixing all 
the blocks), so that G = GIR. Furthermore, let IRI = r, and G = l(l - I)h, so that 
rh = m2• 
(i) if h < m, then I ~ (m2 - h)/(m - h); 
(ii) if I ? 2m, then R is semiregular; 
(iii) if I ? 2m and G has a regular normal subgroup, then so does G, and r = h = m, and 
I and m are powers of the same prime. 
PROOF. (i) R has I pairwise disjoint subgroups (the stabilisers of points in the I blocks), 
each of order rlt, say. (Note that t ~ m < r, so rlt > 1.) Then I(rlt - 1) ~ r - 1. 
Putting r = m21h gives the result. 
(ii) and (iii) are shown in the proof of [1] Theorem 17, in the case m odd (p. 583). 
Now suppose that m is fixed, and that km admits a SETG; suppose, further, that I ? 2m. 
Then G is a 2-transitive group of degree I with 2-point stabiliser of order h, where mlhlm2; 
in particular, h ~ tt2. This is very restrictive; among the 2-transitive groups, it holds only 
in the following cases: 
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(i) PSL(2, q) ~ G ~ prL(2, q); 
(ii) PSU(3, q) ~ G ~ prU(3, q); 
(iii) Sz(q) ~ G ~ Aut(Sz(q»; 
(iv) R, (q) ~ G ~ Aut (R, (q»; 
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(v) groups with a regular normal subgroup, excluding 
T.SL(d, q) ~ G ~ T.rL(d, q)(d ~ 3), and 
T.Sp(2d, q) ~ G ~ T.rSp(2d, q)(d ~ 3); 
(vi) finitely many others. 
Moreover, for the families (i)-(iv), IGapl tends to infinity with q, so there is a lower as well 
as an upper bound on the possible values of q for fixed m. 
I give some applications. For the first, recall the following result ([1], Theorem 18): If m 
is prime and !em admits a SETG, then / = 2, 3, m + 2 (with m + I a power of 2), 2m + 2 
(with m odd and 2m + I a prime power), m2 + 2m + 2 (with m + 1 an odd power of 2), 
m' (with t ~ m), or m = 2, / = 7. Examples were given in all cases except / = m' with 
t > I and m odd. I now complete the result by showing that this case cannot occur. 
THEOREM 3.2. There is no SETG on k~ with m an odd prime and / = m' (t > I). 
PROOF. By the analysis of [I], IGI = /(/ - I)m, and /(l - I)m, and G (and so also G) 
has a regular normal subgroup. Let V be the regular normal subgroup of G. Invoking the 
list of 2-transitive groups with regular normal subgroups [6], [7], we find that there are two 
possibilities: 
(i) t = 2, Go = SL(2, m). Here VIR is the natural 2-dimensional module for Go; let aR 
and bR span VIR. The element g, = -1 E SL(2, m) maps a to a- In and b to b-'n', for 
some n, n' E R. By suitable choice of the coset representatives, we can assume that 
n = n' = I. (Replace a by an - t : note that Go acts trivially on R, since it has no non-trivial 
abelian m'-quotient.) Take an element of order m fixing aR, say g2: a 1--+ an. Then g2g) maps 
a to a- I n, while g,g2 maps a to a- I n -'. But g,g2 = g2g, (mod Z(G», so n = I and g2 fixes 
a, contrary to the fact that Go should act regularly on V\R. 
(ii) t = m, Go = rL(l, mm). In this case, VIR is an m-dimensional vector space over 
GF(m). Commutation induces a bilinear form from VIR x VIR to R, and admits a 
transitive group; so the radical of this form (which has even codimension) must be the whole 
of VIR, whence V is abelian. As it has no characteristic subgroup except possibly R, it is 
elementary abelian. Now GL(l,~) fixes unique subspaces R, Wof Vof dimension I, m, 
respectively; these must be fixed also by rL(l, mm), contradicting the transitivity of L(I, mm) 
on VIR. 
REMARK. It may be possible to prove this result without invoking the classification of 
2-transitive groups; see Gagola [4] for a discussion of transitive linear groups in which the 
order of the stabiliser of a non-zero vector is a power of the characteristic. This would also 
be useful in the case where m is an odd prime power. 
PROPOSITION 3.3. (i) If k~ admits a SETG then / = 2, 3,4,5,6, 16, or possibly lO or 256. 
(ii) If k~ admits a SETG then I = 2, 3, 4, 8, 13, or possibly 11 or 14. 
PROOF. (i) Examples are known for / ~ 6, and there is none for I = 7 (see Section 5). 
If I ~ 8 then G is a 2-transitive group in which IGapl = 4,8 or 16. Consider first the case 
where G has no regular normal subgroup. From the list (see, e.g. [2]), we find all possibilities: 
(a) I = lO, PSL(2, 9) ~ G ~ prL(2,9); 
(b) I = 18, PSL(2, 17) ~ G ~ PGL(2, 17); 
(c) I = 28, PSU(3, 3) ~ G ~ prU(3, 3). 
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Suppose that (b) holds. Then the stabiliser H of two blocks is either C 16 (if IRI I) or an 
extension of C2 by Cg (if IRI = 2); neither has two disjoint subgroups of order 4 (the 
stabilisers of points in the two blocks). Similarly, if (c) holds, then H is an extension of C2 
by Cg or of Cg by C2 and the same contradiction applies. I do not known whether case (a) 
can occur. 
If G has a regular normal subgroup, then IGI = I (l - 1)4 and we conclude from the lists 
that it is contained in ArL(d, 4) for some d; so I is a power of 4. By [1] Theorem 17, 
I ~ 3825; and the case I = 1024 is impossible (no suitable G exists), so I = 16 or 256. In 
the first case, an example exists (see the last section); the second is undecided. 
(ii) The argument is the same, except that we need not consider groups with regular 
normal subgroups for I ~ 12 (since 6 is not a prime power). 
4. SETGs ON k~ FOR FIXED I 
The following conjecture was made in [1]. For given I, let M, = {m Ik~ admits a SETG}. 
Then for alII ~ 4, M, has density zero; and the set L = {II M, = 0} also has density zero. 
(It was observed that, for I = 2 or 3, M, consists of all natural numbers.) I cannot prove 
the conjecture, but can at least show that M has upper density less than 1 for alII ~ 4, in 
view of the following result. 
THEOREM 4.1. Suppose that I ~ 4, and that m is square free and has no prime divisor less 
than I - 1. If k~ admits a SETG then I = m is an odd prime. 
(For given I, the set of values ofm described in the theorem has positive density. This can 
be proved by the same argument as, or deduced from, the corresponding statement for the 
set of all squarefree numbers, see [5] Theorem 333.) 
For the proof, we require: 
LEMMA 4.2. Let G be a group of order m2, where m is odd and squarefree. Then G has a 
normal Sylow p-subgroup P (where p is the largest prime divisor ofm) with the property that 
IP n HI = p for any subgroup H of G of order m. 
PROOF. This is clear if m is prime; in general, we use induction on m. Since G is soluble, 
it has a Hall q' -subgroup K (where q is the smallest prime divisor of m); by induction, K 
has a normal Sylow p-subgroup P. Thus P has 1, q or l conjugates in G. Since q,r p ± 1, 
P is normal in G. Now if IHI = m then IH n PI ~ p (since p2,r IHI) and IH n PI ~ P 
(since IHPI = IHI"IPI/IH n PI divides IGI = m2); so IH n PI = p. 
PROOF OF THEOREM 4.1. Let G be a SETG as in the ~heorem, with G and R as in the last 
section. The hypothesis ensures that G is sharply 2-transitive, so that IRI = m2• Also, m is 
odd; so, by Lemma 4.2, R has a normal Sylow p-subgroup P (where p is the largest prime 
dividing m), and IP n G.I = p for all points (1.. Now G/P involves a sharply 2-transitive 
group of degree I, which permutes among themselves the I subgroups G. n P. 
By inspection of the subgroups of GL(2, p), this group involves a sharply 2-transitive 
group G of degree 1 only if either I = p or I ~ 4; and, if I = 4, then G = A4 is actually a 
quotient ofSL(2, 3) ~ GL(2,p), which is impossible here since 8,r IGI. Thus we have I = p. 
Since p is the largest prime divisor of m, it is the only prime divisor. Thus m = p. 
Note that examples exist with 1 = m an odd prime ([1], Proposition 13). 
The argument is more widely applicable. Also, quotients are easier than subgroups: 
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PROPOSITION 4.3. Let G be a SETG on km • Suppose that R contains a normal subgroup 
~ of G for which IRoI = IRo n G. 12 for all points IX . Then GIRo is a SETG on km1mo' where 
m5 = IRol· 
PROOF. We consider the action of GIRo on the set of ~-orbits. There are mlmo orbits, 
each of size mo. Let K be the stabiliser of two ~-orbits in distinct blocks. Then K has a 
subgroup of index at most m5 fixing a point in each orbit. This subgroup is the identity; so 
IKI ~ m5. Since K ~ Ro we have K = Ro, and GiRo is a SETG. 
COROLLARY 4.4. If P is a prime greater than 3, and 4 ~ 1 ~ p + I, then k~p does not 
admit a SETG. 
PROOF. Let G be such a SETG. Then p,,", IG.pl, so IRI = p2, 2l or 4p2. Since p > 3, R 
has a normal subgroup Ro of order p2 which satisfies the hypothesis of Proposition 4.3; 
so k~ admits a SETG. This implies that either 1 = 4, GIGo ~ GL(2, 3), or 1 = 7, 
GiRo ~ PSL(3, 2), by Tsuzuku's theorem [II]. But GL(2, p) has no subgroup isomorphic to 
PSL(3, 2), so the second case is impossible. In the first case, we would have a subgroup of 
GL(2,p) isomorphic to GL(2, 3) and permuting among themselves a set of four I-dimensional 
subspaces. The stabiliser of one of the subspaces then involves S3' But the stabiliser of a 
I-dimensional subspace in GL(2, p) has abelian p'-part, a contradiction. 
More generally, this argument applies if 1 has the property that no 2-transitive group of 
degree 1 has order l(l - I)h where h = p, 2p, 4p, p2, 2p2 or 4p2. For example, the cases 
m = 10, 4 ~ I ~ 10, and m = 6, 1 = 7 or 10 are impossible. 
5. SETGs ON k~ WITH I, m ~ 10 
In this section, I establish the claims made in the following table, where +, - denote 
existence, nonexistence of SETGs. Two cases are not settled. 
TABLE 1 
m 2 3 4 5 6 7 8 9 10 
2 + + + + 
3 + + + + 
4 + + + + + ? 
5 + + + 
6 + + + + 
7 + + + + 
8 + + + ? + + + 
9 + + + + + 
10 + + 
The entries + all follow from the constructions of [I] Proposition 13 and Section 2 of 
this paper. The results of Section 3 account for the remaining entries in the rows with m 
prime or m = 4 or 6 (except for m = 4,1 = 7, which was deferred). Corollary 4.4 and the 
comments following it complete the rows m = 6, 10 except for m = 6, 1 = 5, 6, 9. The 
cases 1 = 6 or 10, m = 9 are impossible, because the two-point stabiliser in a 2-transitive 
group of degree 6 or 10 has even order. 
Before continuing, I make two observations. If R is not semiregular, then the point 
stabilisers in R are permuted transitively by G, so that Aut(R) involves the 2-transitive 
group G. Also, the following holds: 
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LEMMA 5.2. Let G be a SETG on k~,. Suppose that p is a prime divisor o/m with P" II m, 
and that a Sylow p-subgroup 0/ a,p fixes / points . Then / ~ po + I. Moreover, if R is 
semiregular and p IIRI, then / ~ po. 
PROOF. Let X be a Sylow p-subgroup of the stabiliser of two blocks. Then IXI = p2a, 
and X has / pairwise disjoint subgroups of order po (the stabilisers of suitable points in the 
/fixed blocks-note that X has an orbit of length po in each fixed block, since p" II m); so 
/(pa _ I) ~ p20 - I. If R is semiregular, then R (") X is disjoint from all these subgroups; 
so, if R (") X #- I, then strict inequality holds. 
I now deal with the remaining values of I in turn. 
Case I = 5. We must exclude m = 6. There are three possibilities: 
(i) a is Frobenius of order 20, r = 36. 
(ii) a = A5 , r = 12. 
(iii) a = Ss, r = 6. 
Since no group of order 6, 12 or 36 admits an automorphism of order 5, R is semi regular, 
and (iii) holds. But then Lemma 5.1 is contradicted, with p = 2, / = 3. 
Case I = 6, m = 6 or 8. 
Subcase m = 6: As above, we cannot have a = PSL(2, 5), r = 18, or a = PGL(2, 5), 
r = 9; so a = A6 , r = 3. In this case, R is clearly central in G . For a point a, we have 
IG,I = 30. Since A6 has no subgroup of order 30, this implies that R ~ G,; since this holds 
for all a, we have R = I, a contradiction. 
Subcase m = 8: We have a = PSL(2, 5) or PGL(2, 5), r = 32 or 16. Now r/8 ~ 
R ~ r1 /2, the upper bound holding because stabilisers of points in different blocks are 
disjoint. An element of order 5 fixing a then normalises R., and hence acts trivially on R 
(since such an element cannot act trivially on a 2-group of order less than 16, because 2 has 
order 4 mod 5). This is impossible, by our earlier remark. 
Case I = 7, m = 4 or 9. 
Subcase m = 4; Proposition 3.1 (i), or the remark in this section, excludes the case that 
a is a Frobenius group. So a = PSL(3, 2), r = 4, and R is semiregular. Let X be the 
stabiliser of two blocks. Then X = 16, and X has four pairwise disjoint subgroups of order 
4, viz. point stabilisers in the three blocks fixed by X, and R. Their cosets form a net of 
deficiency I, which is completable in a unique way to an affine plane of order 4. Let t be 
a 2-element in NG(X)/X. Then t acts trivially on R (since R ~ Z(G» , whence t is an elation; 
but non-trivially on X/R (since NdX) permutes the three point stabilisers as S3), whence 
t is a Baer involution, a contradiction. 
Subcase m = 9: a is a Frobenius group of order 42 and r = 81; but 3 has order 
6 mod 7, so an element of order 7 cannot act non-trivially on a 3-group of order less than 
729. 
Case I = 8, m = 9; r = 27 or 81, and the same argument applies. 
Case I = 9, m = 6 or 8. 
Subcase m = 6: The possibilities a = 9.8 or 9.8.2 are excluded by Proposition 3.I(i). 
The same result shows that, if lal = 9.8.3, then r = 12 and R contains 9 pairwise disjoint 
subgroups of order 2, which is impossible. Iflal = 9.8.6, then R is semi regular, and Lemma 
5.1 gives a contradiction. 
Subcase m = 8: We have r = 32 or 64. If r = 64, then R is partitioned into 9 disjoint 
subgroups of order 8, whose co sets form an affine plane of order 8, with a Frobenius group 
of order 9.8 acting on the line at infinity; but this does not happen in the unique plane of 
order 8. If r = 32, then R has 9 pairwise disjoint subgroups of order 4, containing among 
them 28 elements. The remaining four elements are fixed setwise by G and hence pointwise 
by the regular normal subgroup N or a . But then every element of the subgroup they 
generate is fixed by N, a contradiction, since N permutes the point stabilisers transitively. 
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5. SOME VALUES OF d(n) 
Recall that d(n) is the maximum degree of a digraph on n vertices admitting a SETG. 
Among the results proved about this function in [I] are the facts that d(n) = n - I if and 
only if n is a prime power, with d(n) ~ n - n' /7 otherwise; and that, if d ;?: n - n' /2, then 
a digraph of valency d admitting a SETG is complete multipartite. 
Among the problems posed in [I] is that of showing that the only digraph on n vertices 
with valency at least tn admitting a primitive but not 2-transitive SETG is the line graph 
of K5 , with n = 10. (This realises the value d(lO) = 6.) Recent advances in permutation 
group theory, using the classification of the finite simple groups, make this problem appear 
feasible. For example, all primitive permutation groups of odd degree, not having a regular 
normal subgroup, are known [9], [19]; using these lists, the conjecture may be checked for 
n odd but not a prime power. (Prime powers are irrelevant here, since d(n) is known for such 
n.) Also, for reasonably small n (not a prime power), it is easy to eliminate specific values. 
For given n and the degree, the order of the group G is known; but, ifn is not a prime power, 
then T ~ G ~ Aut(T) for some T which is a direct product of isomorphic simple groups. 
I will assume wherever necessary that groups which arise are imprimitive. 
Now, a digraph which is not complete multipartite but which admits an imprimitive 
SETG has degree at most (n, - I )(n2 - I), where n = n, n2 is the factorisation of n into 
the most nearly equal factors; in particular, the degree is at most n - 2n' /2 + 1. This is 
because, given any system ofimprimitivity, a point is joined either only to points in the same 
block, or only to points in different blocks. In the first case, the valency is smaller than tn. 
In the second, if the graph is not complete multipartite, then the point cannot be joined to 
every point in any other block, and the valency is at most (m, - 1)(m2 - I), where m, is 
the block size and m, m2 = n; the bound is greatest when the factors are most nearly equal. 
So we may improve the second result from [I] quoted above, modulo the question of 
primitive groups. This bound also enables many new values of d(n) to be calculated. For 
example: 
PROPOSITION 6.1. If n = pq, where p and q are primes with p < q, then 
(i) if p = 2, then d(n) = q, except that d(6) = 4, d(lO) = 6, and d(l4) = 12; 
(ii) if p = 3, then d(n) = 2q, except that d(15) = 12; 
(iii) otherwise, d(n) = (p - l)(q - I). 
PROOF. (i) is proved in [I], so suppose thatp is odd. the nonexistence of primitive groups 
follows from [9] and [10], as above. Complete multipartite digraphs occur only for p = 3 
(see Section 3); otherwise, (p - I)(q - I) is an upper bound, by the above remarks, and 
a lower bound, by taking the direct product of sharply 2-transitive groups of degrees p and 
q. Note that we have infinitely many values where d(n) is not realised by a complete 
multipartite digraph. 
A little more is true. If the bound before Proposition 6.1 is attained, then the digraph in 
question is the direct product of complete digraphs of orders n] and n2 , and G is the direct 
product of sharply 2-transitive groups of these degrees, whence n, and n2 are prime powers. 
So, if n, and n2 are not both prime powers, the bound can be improved. 
The values of d(n) for n ~ 28 were given in [1). Here are a few more. It is only necessary 
to consider those n which are not prime powers and have at least three prime divisors. All 
n 
d(n) 
30 
20 
36 
27 
40 
* 
42 
28 
45 
36 
TABLE 2 
48 
42 
50 
25 
52 
36 
54 
36 
56 
48 
The entry (*) for d(40) means 36 if klo admits a SETG, else 32 if k~ admits a SETG, else 28. 
60 
55 
63 
56 
Digraphs admitting SETGs 365 
these values following from known constructions and our earlier remarks; details are 
omitted. 
7. OPEN PROBLEMS 
I. Find a good uniform bound for I in terms of m (Section 3). 
2. In Section 4, the set M, was defined and the conjecture that it has density ° for alii > 3 
was mentioned. We could also ask whether various subsets of M, are nonempty, or finite, 
or of density 0, for various I; for example, 
M/ {m Ik~ admits a SETG but !C~, does not whenever I'm' 1m and m' < m}; 
M? {mlk~ admits a SETG and d(lm) = (1- I)m}. 
3. Letf(n) be the number of factorisations n = 1m such that k~ admits a SETG. Isf(n) 
bounded for all n? (The largest known values aref(24) = f(64) = 5.) 
4. Find all primitive SETGs on digraphs with valency at least half the number of vertices 
(Section 3). 
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